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Matrix ODE

Ay 2 T M A A
/\= [ N ‘X A :[ Az )‘z. -[ A:
.‘A“ . " ; "

If Ais diagonalizable, then we can write A = PAP™.
So A = (PAP~!)(PAP™) = PAZP~1

e =Tysodr =T+ A+ 47 +f§? + .
_IUP*L+PAP4~+Pm}P4+}%up—L+”.
=PI +A+4+4+-- )P

Suppose f has the Taylor expansion: f(x) = 2A>OL(— z*.

We can defipe f(A) = Zkzoﬂ%o—)Ak.
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Solve @’ = A0

p=r4 |
(53)
® Eigeavedue A=l 2275

® A=pAP =[] |> | 0)(' ')*
-3 /e 5/\3 |

e‘A s the solutione the ODE =A%, d(0:T

b -l
=" ! (e 0) ! I)
: (—3 :) 0 /(-3 |



Solve X’ = Ax

A=r4 | , RE
( 3 2) %X =AX X(o)-l C-J

x(’c) Q(t) vc(o}



Eigenvalues of Diagonalizable matrix

Suppose A is diagonalizable, with eigenvalues A\; --- A\, i.e.,

Avy = My, -+ L Av, = A\, then we can write
A — [Ula : e av'n.]A[Ulv S R avn.]_l'
For a vector ODE 2/ = Ax, the general solution is given by:

B fy= creMiyy + ety + - - - + ¢ etu,.

Same as Paae 4.



Q1

Solve ' = Az, where A =

—_ = O

— O =

O =




Solution:



Relationship

Given a vector ODE 2/(t) = A(t)z(t), Suppose

o(t) = [zV (), 2P (t),-- -,z (¢)], where z(D(t),--- ,z(™(¢) form a
fundamental solution set to the ODE, than the solution to

'(t) = A(t)®(t) is given by ®(t) = ¢(t)o~1(0).



Properties

A
(1) All eigenvalues are distinct. = A
(2) A = AT for real matrices, and A = A* for complex matrices.

(3) For a matrix A with distinct n eigenvalues, then A is
diagonalizable, i.e., All eigenvectors are linearity independent.

(4) A is diagnoalizable <= AA* = A*A
(5) We say A is similar to B if A= PBP~! for some invertible
square matrix P.



Theorem for real matrix

For a real matrix A, TFAE:

(1).4 =4"

(2) Exist ONB(Orthogonal Normal Basis) for R™ s.t. it consists of
eigenvectors of A.

(3) A is orthogonally diagonalizable, i.e., exist a matrix @) s.t.
QQT =1, A diagonal matrix s.t. A =QAQ".



EVD (orthogonal form)

Example: Do the Eigenvalue Decomposition for A, where A =

[
et
frd  pd




Q2 solution

OrthoGoNv| Jum:
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Aaral Al

NGO
N=0 “" I [%%2 0<20k\[3]+
J,( } \] W;J\/R O(){ZI;\«]
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Jordan Normal Form

An n X n matrix A can be diagonalized only if it has a full complement of
n linearly independent eigenvectors. If there is a shortage of eigenvectors
(because of repeated eigenvalues), then A can always be transformed into
a nearly diagonal matrix called its Jordan form, which has the eigenvalues
of A on the main diagonal, ones in certain positions on the diagonal above
the main diagonal, and zeros elsewhere.



Q3

Let J =

G G~
& D
N = O

, Wwhere A is an arbitary real number.
(1) Find JZ, B2, J%
(2) Use an inductive argument to find J".
(3) Determine e”’?.
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Form of J




Q4

Find the Jordan Normal Form for A, where A =

¥ L 1
2 1 =1
-3 2 4

Ai=A2=43"2 Jordan Nomal for m

[A-2I3|v=0 = Vi= -1‘& [z [ o‘\

[A"lI?,]V:.-Vi =V, - [ ] (; D(; ‘1

(AL Va= 1, > V= [7;]



Q5

AVi= IV,
Awn ) Ve
AV‘S'-"}‘V!.‘l' Vo

Find the Jordan Normal Form for A, where A :\g
0

[
;2 z] 3| 1G]
8§ -5 —4 00 )
4 3 3 '
A= A= ‘Ag v‘_ Vz" f-(- + [ 0
(A-ILiv =p ° 34l ¥
V= c[%],{c[é,] (A I,M:[‘fr] 4,“ 1
geometnc muliaplaity is 2 V- [ﬁ] o [3



Q6 (Very Difficult)

Given a real matrix A, where A =

00000 O
B 0 W N O
N
000110
000 022
00000 2

(1) Find the Jordan Normal Form of A.
(2) Find the general solution to the ODE z' = Ax.



Solution:

Solution: Since A is upper triangular, we know that the eigenvalues are A = 0,1, 2,

When A = 0, we solve (A — 01)uy = uy, 50 uy = [l 0000 ()]T is an eigenvector
for A = 0.
When A = 1, we solve (A — 11)v, = vy, i.e.,

=100 000
0 01 100
0 00 100
0 00010
0 0001 2
0 00001

v = 0 (24)

then v, = [() 1 000 ()] " is an cigenvector for A = 1.
When A = 2, we solve (A — 11w, = w,, i.e.,

=2 0 0 0 00
0 -1 1 L0 0
0O 0 =1 1 00
0o 0 0 =110
0o 0 0 0 0 2
0O o0 0 0 00

wy =0 (25)

T 5 ; 5
then w, = [() 2111 ()] is an eigenvector for A = 2,
At this stage, we know that the geometric multiplicity of 0, 1,2 are all equal to 1. We
can thus conclude that the Jordan normal form is

L‘:l‘.’--‘?-.". 00

0:1 10100
0!011:00 o
T=1010 0 110 0 (26)

-------- Paessy

(order of individual Jordan block may vary)

Solution: For A = 1, we need to find generalized eigenvectors vy, v3 such that Avy, =
vy + vy, and Avg = v + ve. First solve (A — Ivy = vy, i.e.

100000 0
001100 1
000100 0
000010/ o (27)
0 0001 ¢ 0
0 00001 0

We get a particular solution vy = [(i 0100 ()] . Similarly we solve (A — vy =
vy, and get a particular solution vy = [() 0 -110 ()]T.

For A\ = 2, we also need to find another generalized eigenvector w, such that
Awy = 2wy + wy. Solve (A — 2[)wy = w;, and we get a particular solution

wy = [() -5 -2 -1 0 %]T Now note that we can write A = PJP~!, where
Pi= [ul vy Uy U3 w mg] (28)

Note that e!* = Pe’ P~ and

130 0 0 00
0ret te Ceti 0 0
v |00 e tetio 0
“ T loio 0 ¢ lo 0 =
00 0 0 e te”
00 0 0.0 &
Therefore the general solution is given by z(t) = Pe¢, where ¢ =
[('1 co c3 ¢4 Cs ('(;]T € RY is a constant vector. That is
(&} )
et(ca+ est + 1'45)
et(es + cqt
z(t) = [u] vy Vo Uz wy u'2] (:’"'l it)
e*(cs + cgt)
e*ecq
1 0 0
0 1 0
1] ¢ 12 0 '
=a g +e'(ca+ et +eay) ol 7€ (c3+ eqt)
0 0 0
0 0 0
0 0 0
0 2 -5
e —11 + P (e +osb) i Fegd® :f (30)
0 1 0
0 0 1/2

with ¢, ¢, ¢3,¢4,¢5,¢6 € R.




https://blog.csdn.net/lafea/article/details/134916409
Another method B BB M B AT T
TEE%‘E?&%E?% REU VAL + & S 5E0E”

Joydan AT 45 Y

9 t‘—%/ﬁﬂ:ﬁﬁ BER \TDxfr\ /Ef\j% >\‘\/9h/7 &\}“‘/\n
SO o
D AR MBS TEH (x4 ARh AL R Tordapse?dk) 000

qﬂ]\‘ - D/— Yank\(A_\A”; % WA NTR ( ) @‘/T%FBZ%/{PYQ?’/’%RW%






' \ | 1
o e | | il
. \ , £

0
L .




