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Matrix ODE

Objective of Matrix ODE

Given an n-th order linear homogeneous ODE: ™) + a,,_1 (t)y™™ Y + -+ + a1 (t)y’ + ao(t)y =
0

We define that 21 =y, 2o = ¢/, - - - &, = y*~ V.

So we can transform the ODE into the matrix form, and what we need to solve is ' = Ax.



Linear Algebra

Sorry for that | haven’t taken the VE214 and my linear algebra is poor and | cannot explain this
part at a higher and more comprehensive level. Also | am too lazy to study again, so | just
show you how to use these lemmas without understanding the true meanings. My RC for
linear algebra part is more like the calculating exercises instead of math itself.

If you want to study true math, you can ask another TA like Huang jiayue or Chen Yifan. They
have better understanding about this part and | am the worst one. If you ask me questions like
“how to understand XX”, | will laugh at you and consider it as useless things.

If you want to further learning about linear algebra, you are welcomed to DD MATH and ask
questions to AZZF 3.



Dete rrm | N ant https://blog.csdn.net/weixin_46664967/article/details/113621821
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Determinant of a n by n matrix

dll d12 d13 *** dln a;;  aj;p  apg
fl: D3 =|ag ag as
dp1 42 d23 -+ d2p azy agy ag
det(A) = '
anl an2 an3 NS ann L‘)\%—?T}ETFs ?%D; .

Can be calculated as det(A) = a;14i1 + + -+ + aipAin = Z?=1 aij(—1)"9 M;;, where M;; is

the Algebraic cofactor of the a;;. = ( 1)1”1 a; My + ( 1)"a My, + ( 1)“‘; a3 M3
Cofactor: In the determinant of order n, the determinant of order n-1 formed by deleting the elements

in row i and column j where element aij is located, is called the cofactor of element a;;.
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Sarrus formula: ﬁﬁa:ll%ﬁi-l—% 3*3%@[‘&?5.5”:—:% 2. NEERARATFHEERNAKATRIRFEN:
(a-e-i)+(b-f-g9)+ (c-d-h)

3. NETHE LR =RAEARIAFENM:

BE— 3 x 3 5Ep%: (g-e-c)+(h-f-a)+ (i-d-b)
4. BE2EMERBESISHER:

Lemma maybe used
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A= ?1 Z ; det(A) =[(a-e-i)+ (b- f-g) +(c-d-h)] —[(g-e-c)+ (h-f-a)+ (i-d-b)]
g h i XFRERE:
EAHTHI (det(A)) BILUBITLA RS ERIHE: " F : g]
7 8 9
1. i RIER:
A triangular 3 x 3 matrix is invertible if and only if 0E B B
all its diagonal entries are nonzero. (Proof by [3 HEn Z]

Sarrus formula) R T —m—

(1-5-9)+(2-6-7) +(3-4-8) =45+ 84 4 96 = 225

3. NETEIALRIFRIIM:
(7-5-3)+ (8-6-1)+ (9-4-2) = 105 + 48 + 72 = 225
4. iEIF5Is0:

det(A) = 225 — 225 = 0



Cramer’s Rule




Properties

1. det(AT) = det(A)

2. We can extract the common factor of certain row or column

dil1 412
kain kap
dpnl  dn2

din

a1l

djl

dnl

da1?2

ap

an2

din

dnn




3. decomposition of determinant

d11 d12 T dln
{)1 + Fl bz\-f— c» --- b, + Cn (the ith row)
ani an2 ks dm
dail1 412 -+ din dil1 412 -+ din
B B e B [l B B -
dnl dn2 *** dnn dnl dn2 *** dnn

4. interchange between row

i1 412
di1  4dp
djl1  4aR
dnl dn2
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Eigenvalue and Eigenvector

Let A be an n X n matrix. The scalar X is called an eigenvalue of A if there
IS @ nonzero vector x such that

AX = Ax.

The vector x is called an eigenvector of A corresponding to A.

Let A be an n X n matrix.

© An eigenvalue of A is a scalar A such that

@ The eigenvectors of A corresponding to A are the nonzero solutions of

(M —A)x =0.



Eigenvalue Decomposition

How to judge whether a matrix is diagonalizable or not?

If # of eigenvalue is identical to the dimensionality of that matrix, then the matrix is diagonalizable.
Otherwise, it is not diagonalizable.

Then, if a matrix is diagonalizable, we can rewrite it in the following form:

A1

A
r=QenQ' =@ . |@

Ap

2Q = QA, so 2qj = \;jqj. The column vectors in Q are eigenvectors. The
diagonal elements in A are eigenvalues of 2.
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Q2: (RBRTE)
oJgeRAHEY, BRXNAE, WHEAKEE, BEF Ejordan normal form&R—ra

REEL T TEEL

https://zhuanlan.zhihu.com/p/618571314

X#1=# (algebraic multiplicity)
B AEZ I P E MHHENES IR E

A F—MNEF ARSI TR

f()\) = ()\ — Al)rl + (A — )\2)7'2 +eo+ (A= )\3)7‘3, i’l"i =%
i=1

Aj E‘th&i&ﬁt%rl(l =1,2,--- 95)



JNL{IE# (geometric multiplicity)

FHHEERAI(A — A\])EFEREZSERHE

e.g.
K EXEREFR S E AL IES:
1 1 2
A=10 1 2
0 0 3
« REEH

wiEsmRn: f(A) = (A —1)2(A—3)
EFMSIEE, A\ = 1, —EiR, WARES2

Ao = 3, —EIR, WHCEEENT

« JUIJEEL

0 1 2 —9
A-I=]10 0 2 A-3I=1| 0
0 0 2 0

SHlrank(A — I) = 2, NE=ENHEHE1, M KIUEES

rank(A — 3I) = 2, WEZSEWNAEEHT, M KIVETEEH1
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SVD (optional)

151 EVD 32 SVD 38

B AR Y] L (E=yi=]t

ya) 51 A=PDP? A =TFEV*

HE/SHE HHEEXS FREFE D SHEEIEEE X

N FESEE RERSEED . XIFREMXT B SUErRE (PCA) | ABFEESE. (hkig
1EaxtE SEEEREME P ~—EIE3L UV R1E3EE

https://blog.csdn.net/qgfikh/article/details/103994319

HOEETE, BARIIFEAEER, BRQEEXIRE
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Thank You !



