JOINT INSTITUTE

KA E EPL

UM-SJTU

Shao Yujie

raaN—"0

vl @ | JOINT INSTITUTE




Contents

Holomophic Function

Cauchy Riemann Equations
Integration along curve on Complex Pl
Residue theorem (BEEIE)

A E3M/IvESR




Statement

| have to admit that | cannot understand some logic relationship or
use about this part. Indeed, after midterm exam, TAs may fail to
know or remember something about the content in the lecture.
However, most of us still have the ability to complete the questions
in the exam. VV256’s exam is more like a module. If you are famaliar
with the example questions and have a strong ability of calculating
with a little techniques, the grades will be really nice.

For complex analysis, this part is added to the exam for the first
time last year and only TA Wei Linda studied it and made a really
perfect RC in Chinese, | remember. So my RC copies many parts
from his RC because | have no ideas about how much it will be
tested. (I studied too much last year by myself and complex analysis
is a very big part and we only cover a little.) If you are not satisfied
with my rc, you can ask me to give you his slides (has a little wrong)
and his rc recording (very very perfect)



Holomophic Function

1.1 Holomophic Function (om F[e)(' 0{1‘ ‘H:QYQV\'*"@ ’7f€ .

We say that a function f : C — C is complex differentiable, or holomorphic, at z € C if

P(s) e 1 JEER) = £G)

h—0 h

heC

A function is holomorphic on an open set 2 C C if it is holomorphic at every z € €2. A function

that is holomorphic on C is called entire.

£48REL (holomorphic function) 287X THE— 1 EEMS, BER
EBERENSHIERL SIS ERE. SEAEREBEHRFRRITREL
(analytic function) , EEENXIEA, EMIEEEHE N THSEL,
MEESETEE MR 2EEERY.

SAPRERITE X EKLCSLEREE™E, RASEREBHSEFE R
EFJFA-22E 5% (Cauchy-Riemann equations)



Cauchy Riemann Equations

1.2.1 Cauchy Riemann on Cartesian Coordinate

If f is holomorphic, f = u(zx,y) + iv(z,y) the component functions u,v : R? — R satisfy the
Cauchy-Riemann differential equations

du _dv du _ v

or Oy’ Oy oz

Proof:

f(zo+h) — f(20) f (xo+ by +iyo) — f (x0 +iyp)

f' (z0) = lim = lim
h—0 h h1—0 hy
heC hi1€R

u (iﬁu + hi, yu} == U (33{1: yu} v (1‘-{1 + hq, y{l) — v (15{1: yﬂ}

= lim +i lim

hi—0 h’l hi1—0 hl
hick hicR
du 4 v
o — 7 —
O (aoam) 0% (zoan)
el = 0+ (yo+ha)) — f (zo+i
fﬂ' {Z{]J - ].iIIl f ('2'[] 1-) f (Z{]) - li]']'l f (1{] ) (y{] IZ)) f (I{] ?-'y{])
h—0 h hy—0 ihso
heC hs€R
_ .(‘}U + 5'1_.'
ay (Iﬂ.yn} ay (T{j,_‘y{])




1.2.2 Cauchy Riemann on Polar Coordinate

dv 1 ou Oul ov

6 r_ or o98r or
Proof:
since a’(r'r:m) = drxe? + %080
f(zo+h)—f(z0)
h

Radical approaches to zero: f’(z) = limp—ao
hoe

u(r + Ar, 0) + wv(r + Ar,0) —n(r, 0) —iv(r,0)

- .ﬂ]"l:}gl—)[} jr " (-:iﬂ
. n(r+ Av,0) —u(r,0) vu(r+ Ar,0)—v(r,0)
= l}.}:l-l Are® T2 Ayl

— @_{_8_! ;_;'g
~ \or Eﬁf' ;

: . h)— f(=
Tangential approaches to zero: f'(z) = limy,_sg M
hee

n(r,0 + A8) +iv(r,0 + AB) — u(r, 8) — iv(r,0)

= ,._Eeﬂf;_}[: irei? < AG.
_lin u(r,0 + Af) — u(r,d) 5 it-‘{r', 6+ Af) — v(r,8)
irAg . e irAfet?
v 1 1du\ _,
= (g %m)*
1 _du_oul_ovg

5:5‘- r or 9r  or

« Holomophic — Cauchy Riemann equations

¢ Cauchy Riemann + Partial derivatives continuous — Holomophic.

We define
d 1,0 d

8z 2'0r :a'?’.';

and it follows that
O _y0u 0 _,
9z "8z 8z

Last year, TA Wei Linda said this part will not be
tested and it just helps you understand.

However, | don’t know anything like how much
this part will be tested but | guess maybe if you
fully understand “BEZ8EIE”, it’s enough.



Integration along curve on Complex Plane

2.1 Definitions and Notations

A parametrized curve is a set ¢ C C such parametrization v: I — C for some interval I — C,

where 7 is locally smooth if there exists a parametrization « (t) 4/(¢) # 0 for all t € 1.

We borrow from R? the concept of positive curves, i.e., those parametrized in a counterfashion,
respectively.
Definition. Let €2 C C be an open set, f holomorphic on 2 and C* C ) an oriented smooth curve.

We then define the integral of f along C* by

[ 1z = [ 160070

Remark. Compare this with the definition of integrals of scalar functions and vector fields in, e.g.,
RZ "

[ sar= [ ra@)-wold [ @ = [Eao.yo

Definition. Let €2 C C be A an open set, that! a holomorphic function F : £ — C such that
F'(z) = f(2) for all z € ©2



Newton formula in complex plane

2.2 Newton formula in complex plane

Theorem. If a continuous function f has a primitive F' in €2, and isa curve in 2 that begins

at w; and ends at w,, then

/f ) dz = F(wy) — F(wy).

If ¢ is a closed curve in an open set (2, and f is continuous and has a primitive(Nyakkeru:
This condition is not weaker than holomophic, this condition is a kind of Integrability
instead of differentiable. But actually continuous itself is much weaker than holo-

mophic), then,
%f(z)n’ﬂ-, =D
c

S EEASIRZINEIRDFI/0  (very very important) £44
can be easily understood by physics meaning ({R~F171%)

but the proof is too difficult (not required)



Steps to Cauchy Theorem

« Goursat’s Theorem. Let £2 C C be open and f holomorphic on 2. Let T' C £ be a triangle

whose interior is also contained in £2. Then

iﬂa&:&

however I think you do not need to understand it.

+ Corollary of Goursat’s Theorem. If f is holomorphic in an open an open set {2 that contains

ﬁ f(2)dz =

» Cauchy Theorem(Very important) If f is holomorphic in a disc, then

ﬁﬁ@&zﬁ

a rectangle R and its interior, then

for any closed curve f in that disc.



Cauchy Integral Formula

Cauchy’s Integral Formula. Suppose f is a holomorphic function in an open set  C C. It D

is an open disc whose closure is contained in €2, then

Fla= : j£ /() d¢ forall z € D,

21 Jo ( — 2

where C' = 0D is the (positively oriented) boundary circle of D.

If you want to see the proof, you can see this website
https://zhuanlan.zhihu.com/p/129354208

ETRFFIEIL(6) - F1F (zhihu.com)



https://zhuanlan.zhihu.com/p/129354208

Explanation (by Wei Linda)

Bv Cauchy Theorem. we have - ok "
! : | EZRS XIS AHE S ah Rt
jé f(2)dz=0
C

now we consider if the function f(z) is not holomophic but almost holomophic, i.e. not holomophic
at some points. For example, we definitely know that % has some problems in z;. We call these
points like z; sigularities.

Singularities can be classified into the following three types: the formal definition should consider
Analytic Continuation which is not so necessary for you to master. Here provides simple

methods to know what are they:
« Removable Singularity:z such that lim, .., f(z) =0
 Pole:zy such that lim._,., f(z) = o Only use pole !!! (in our exam)

https://zhuanlan.zhihu.com/p/13330
« Essential Singularity: not Removable Singularity or Pole. 9236



Continue :

D\

f
\\‘//

Figure 1: Explain about the last statement

Now I give you insight on how to derive the above theorem. We first consider

1
f—dz:?ri,%:[]
c<

in which C is a closed curve contains zj.

Why it happens, we suppose C is an unit cycle, i.e.

f ldz
lzl=1 #

we can change variable using z = ¢ and we get

2 . .
f e de® = omi
0

Then, how about closed curve which is not unit circle. Here I will explain why the integral along

those curves are the same as the unit circle. By adding a path (red line) to connect the two
curve contain the origin(pole in this case) and draw some arrows on the ugly pink and blue circle
provided by aa. We can find that the pink and blue curve together with the red path will form

a closed curve and the function f is now holomophic on the region formed by the closed curve.

Thus if we use this route to integrate, the answer thould be zero.

That is: counterclockwise pink(positive pink )+path(into origin)+clockwise blue(negative blue)+path(out
of origin) is zero.

That is: positive pink + negative blue is zero.

That is: pink is blue.
Here, we have shown that:
1
f—dz = 20§
c<



Now we consider

5£ A fIC for all z € D,

we can consider the integral near the neibor of z to avoiding reaching z.

MIQ = f{ ?) I{ f(z)2mi
C Jo, 6—
then we get
(Y — 1 f(z)
Hal= 5= —% dg

very easily without mathematical analysis. And we perform n-th order derivative, we get

f{nj{z}: FI-!- % = f(€) d¢

2#? A Lf' {T T z)n+l

Complete !!!

If you cannot fully the logic and relationship like me in the past, it’s ok because the
questions are always easy. You just need to remember the Cauchy Integral Formula.
It’s enough to solve the exercises and exams.



Laurent Expansion

A complex function can be Taylor expanded as:

f()=) an(z—2)"

n=0

where

(jj.n_ —

f®(z) 1 Sg f(€)
M S T L
3

n! 2mi [, (€ = z)""

But this requires the function to be holomorphic within the circular domain
|z — 2| <R

Therefore, for the annular domain
RL < |Z—Z{.| < Rg

, we have the bilateral power series expansion:

FHUFLRE, — PN RRNNETREEETaylor BHT,, (BEENE
HMEs REEEAREFH B Taylor EHT

: the negative power series is called the principal part, with a convergence domain of

|,".' = .‘En| = -Hl

Using the Laurent expansion,

]( 2)dz = Z p,\){ dz

k==—nc

Only the term with
k=-1

is non-zero. Therefore, we give the coeflicient of the term with power
—1

a special name “residue”, denoted as

Res [f(z). 2

. so the above equation transforms into

r.‘_lf (z— 25)" dz = 2mic_; = 27iRes [£(2). 2]
To

The residue at infinity is defined as

where
1 1) Res[f(z), 00] = —e1
e o R
2mi [, (€ — )" - e : i
- Nyakkeru further gives two insight on why only £ = —1 contribute to the integral.
This is known as the Laurent series (the positive power series is called the holomorphic part, : : : s 20,
« You can perform the integral on 2™"n # 1 along unit circle

with a convergence domain of
[,Z = Z{,| < RQ

« 1/z is the conjugate of z. You can consider the relationship between dz and 1/z as vector,
their product will be a pure imaginary number i, runs along the circle 2r and get 27, but if

we divide another z, we will introduce rotation, the integral will be cancelled out to be zero.



. If you cannot understand the content before, IT’S ALSO OK. You just
ReSIdue CaICUIUS need to remember the residue calculus theorem and some traditional

examples.
https://zhuanlan.zhihu.com/p/133309236

% “:](1: = 271 ZR“H H[:] -:F.'J
B k=1

is residue theorem.

Laurent Expansion near m-th order pole

: C—m Com+1 C1
= + L
f(Z) (Z _ Z[})m (Z _ Z“)m—l

+iGg B2 — &g ) Fr v
Wy 0 1 0) NOo use

Residue of m-th order pole

1
(m—1)!

[(z — 20)™ f(2)] "7V really useful

Z=z

Res[f(z), 2] =




Q1
l+%:*; f 7| =2 1+32 d.Z

=
j S d2 = iy First Order Pole
BE2 122 I 2 Reslfiz), =y
<

Pole: lim famig 24w B= 1,1
2720

\Zl 5‘ q Tirst Order pile EH f(2) = 5 BB 2 = 1,2 = —1, $EEMA |2 = 2. BER:
S SOl 168
2i
| K. o3t Res(f, 1) = lim(z — ) £(2) = o
Res [nz2y, S (= |im ZUFR)=|Im 7~ = & i
J 3 £ f 2oL BTV 21 Res(f, —i) = jingi(z+i)f(z)=_ezi
- B -2—:b
Re> iz, -v) = lt‘ﬂﬁ\’ti’v UE s l”;‘ g:" =S [ MR [, , < de = 2mi(Res(f, 1) + Res(f, —i)) = 2misin2,

%
Q)Z > e, 21
5\2'\:1 \.\_gl d«%z DATRY { —\2\: L 7 ,..J Zl—ﬁ\., st

27



Q2 T8RS -

|g|=2 Ed{zlﬂ_z}

PR (Root of Unity) 2EHHHE 2" = 1 WEE 2, Hhn E—NIEEH, OGN, 847
RE 1 AEFE LN n M FAR,. PURESFRMIITYE, EE¥E EEi@E—NE n 4
pi N

B{FER
g n 2—NERE, WRURERCIE w., EREFA:

i 2k 2k
w;‘.:eg’”;‘f”:cos(%) iisin(%), k=0,1,2,....,n—1

XL . ERRAE

wp =1

Hebh wo = 1 2B ERMHR".

BRI

1. XERE: RRTETm EFEEST, MRLE n i, BELURRUAFD,

2. FREAE: BMURASRIMDARSANR. BACER, W Wn = Wkim) mod ne
3. FAME: 5 TRRN 0 RAET L Ao = 1,

4. B{SIRME: AP n MRRRTNE:

n—1
Z wp = 0

k=0
5. HEBMHR: £n=23,4,6 KERT, BAURERHERARY, fi:
o Yn =20, SRR 1M -1,
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Jizes. o 42 H AR
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Q53 = ]
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Z~E
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There Lemmas (Very Important)

5.4 Jordan Lemma

If f(z) is continuous on {z|r < |z]| < 4+o0,Im 2z > 0} lim, ., f(z) = 0 ,for all @ > 0, we have

lim [ f(2)e**dz =0
TR

R—+oc

in which vz ={Re’l0 <8 <n},R>r

5.5 Large Arc Lemma

If lim, .. (2 — 2) f(z) = A ,then

lim / f(z)dz = iA(6; — 6,)

R—+oo R

5.6 Small Arc Lemma

If lim, (2 — 2g) f(2) = A ,then

lim [ flz)dz =1A(0, — 64)

6—0 J_
v-a

Jordan Lemma: {MNEEEHEREN (A0 €%%) K935, HEBSARINERS 1S,

Large Arc Lemma: AT i+EIEBETEIEAIARLM EAFIS

Small Arc Lemma: B ERSRAANERTEEE RS,

AT A.

. BRI E R,
BT ST ST ABE AR



Jordan lemma Q3

s [ 2% ds,0,b > 0.

JHO KsTN(ax ) (v b>0) g% cunay)
ST
Xth ‘t‘aérn\ux]

a2
let 2z 2 et
224 b

=M=, Z=+L‘» (T/m\chNU
RCSL'j’ bv)\lcm (,Z'blj

bl et 0bY
Z”‘\x\' T 2ht

¥ g 10X
i d%= 2NV ReS (F.h1) = ol 4 o0 yre-aby

-

e/—%

)

PRT
W0 A INPX —ab -
[o Wd')ﬁ‘-’ﬁheab

TA wld didn’t include this kind of problems and
| have no idea whether it will be tested.

R R fEEFRERR TR ar, - 0, 0 DSNEEE, BESATHA SRR 7 IXERLINE
gﬁ, E_ ].imz_}oo f{z) = 0 o mU

[ 2 ez f(z)dz = 2mi Y, Res(e7*% f(z2), ar) .

fES FE—HRREEEE, Xt F(2) = e 1% f(2) AR, 3A)ordans I8 BiERIE
2.

HENISEREEE, BNER—RE [ cosaz f(z)dr % [ sinazf(z)dz .
IXH RS E AN ELER B ARt sE S R

................




3B RFEAR, ARSI, HiX—R
Small Arc Lemma Q4 & marsim B sremammms, K20
25 PET E 2 B S poleifT

r+a) sin(z—a) d
z? —q?

Bl: ga >0, e [Fo 2

L o

AAKXNBEARE, BSERIIEDBENRERNER
AR ERE— N KEBNGE, AEXER

Large Arc Lemma



00 STAVKE Oy ST %~y

L

=i Ji—&? Cla2m) ~ cua\xx) / ‘\ﬁ%F Coalxo) -~ 9}32
] g z>-q"

pole: za Jm%fmdwj ez

TJ ﬁ%Jd’hJ fa d2

> f‘u* Jr‘Md?wj H21dz =y

‘“" ' [fen &% > 2R RERS
%_J> d M"f: 00 L’/ T/'g\ /UT’D

J—:i TG @jﬁ T‘ad@]bﬁ"%dz

) ﬁ\]ﬁ?ﬂ\ e\‘t’ fnl:hg)qz =
ﬁﬁf\ﬁ K:H)O 'j“j\Jd‘)( M T\mx

= feda s [y oz

———

3 AT i e o e
P gfo‘z’ TR dy :m,,w H?{W)QX
= [ fmdat [tz

= A GG ¥ YA B

= 7\,@2]]:140\ &+) ﬁz/ﬂ‘@ ggw (ZVCMT\Z)

—  Tysihna —— \ T->w\\u&
2 - J

Complex questions but very traditional

You may encounter silmilar questions in exam
But the question in exam may be in simpler
form

—RLAAHNEEGALE, EiFRTEThese/
1F



A series of questions (from TA wid’s RC)

He said these four types of questions are enough for exam (maybe)

| still have no idea and if | don’t use his examples, | may find too diffifcult
questions, If you cannot understand the content before. These four
guestions may be enough most time.

27 o ARy, A .
Form of [ f(cosz, sinx)da Form of [ f(x)cos mada

p{ xr } »
Form of [._ ~o al 2 rh Form of real first order pole



Q5 j ey, o dx B o XM

o i e dz
oo | 5 QICW: vetfe 1z di= 2
5.7 Form of flfﬁ f(cosx, sinx)dx AT ST
Evaluate . X Y Finl ! _iz(_f_@_f Eg_@
= 0 - ) 2]
Jo 1+ fu‘t;:.s.:‘dl; - J\Z\_ ( _C_lg\
In this kind of form, f is continuous function of sinx and cosz. H‘ Q& %} 2‘\2
3
= T \

v

JPIZ\;Q;&JF Z2. g 92

j/:_aui@’; ZD‘M & Bl
Remember ! e zg 2

»LLT IS EN G ] \ _,\



Q6

5.8 Form ofj ”“3'!

oo g(x)

Evaluate

= 1
/ 1+
In this case,q(x) always doesn’t admit real roots(actually we can deal with the case with real root,

but it is too hard for you.) And, ¢(x) is always "higher” than p(x) by at least 2 orders.

Remember !l!

W
@ Jﬁ)o ?\)?J X Qe Pw F;%;IR
4 B 9w B3
o [ []] | TN
Lbo -t % - \F{R
pankE > >

\Z-Zs) TLZ‘JZ O A0

(2)d2= 1020
*“&H\?QJGR’& = 2

f."\':’_—\ %
%ﬁ@d% 1 0 O

=2 U ReS(i2), 20+ Res iz Eﬂj

L 2 T T = L
T==3 [ k2 3
SRt ST



Q7

. [ i
5.9 Form of f[;rx f(x)cos mxdx 3 ,[0 —JLO\) CUAX d‘/€ ‘Jj\%)— W() cvel)
Evaluate B et %X‘) bK’ ?\'DO t F/\

+0c
= / dx
2 2
Jo r“—+ @ ‘t“bo COAEX
In this case,f(x) is always even functions, and the denominator always "higher” then numerator | = &)O

for at least 1 order.

11 L fes L i)
Remember !l ot



Q8

5.10 Form of real first order pole

In this case, we should use Small Are Lemma.

I
stnr

/ dx

J oo L

Evaluate the Dirichlet Integral:

Remember !!

UAZ 834 [k

j/rbo 5TNK
ARG 2Y,
—~ 12
1z by =aT BF s
= WX v
,(R —5 dxt SR %;dwg jmfﬂaaqz
LR T [ yrde)02

Bty P\ ej)(
| b =— a7y — g T2z =9 o
A ¥
j G- NBUN

L= 5T > )@
S



Thank You !!!

From The Elder Scrolls V : Skyrim Special Edition
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