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Picard Existence and Uniqueness Theorem

Consider the IVP %% = f(z,y),y(z0) = yo. If f and §L are

continuous in some rectangle containing (g, yo).

Then 30 > 0, such that this IVP has a unique solution over

(.’73() — 0, x0 + 5)

Remark: We don’t even need the function f(z,y) to be differentiable
to y, we can simplify this condition to

|f(z,y2) — f(z,y1)| < L|yo — y1|, which is called Lipschitz
Condition.

| am not sure whether this part will be tested because it is
almost useless in your exam but maybe it can help cope
with some extreme conditions and give you the confidence
that the solution indeed exists.



Geometry Meaning (not required)
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Banach Contraction Mapping Principle

Complete Space The Space that any Cauchy Sequence defined in
the space must be converged to the space.

Given a space R"™, and a closed set D inside the space. If for any two
points y1, y2 in D, we have a map J : D — D which satisfies
\J(y2) — J(y1)| < 0ly2 — y1| in which 8 € (0,1), then the map J has
a unique fixed point. That is to say there exist a unique point X
which makes J(X) = X.



Peano Existence Theorem

Consider the IVP % = f(z,y),y(xo) = yo. If f is continuous in a
rectangle containing (g, o), then IVP admits a solution in the
rectangle (may be not unique, though).
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Remarks on these theorems

A continued first order (explicit) ODE satisfying Lipschitz Continuity
— existence and uniqueness of solution. (Picard Theorem)

A continued first order (explicit) ODE — existence of solution
(Peano Theorem).

However, A continued first order (explicit) ODE not satisfying
Lipschitz Continuity does not necessarily indicate the existence and
non-uniqueness of solution, as there exist weaker condition than
Lipschitz Continuity. For example: Osgood Condition.



Picard lteration

Picard Series vy, 11(z) = yo + ffo f(t,yn(t))dt(z € I)

Objective In one word, the method of Picard Iteration (Successive
Approximation) is to construct a Picard Series for a given ODE and
find something to which the series is convergent to.

Solution y,,(z) when n — o
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Second Order ODE

General Form y" + py' + qy = 0

Feature Equation y? + py +¢ = 0

A >0: y=Cp1e¥" + (Cre¥?®

A =0: y=(C1+ Cax)e¥r”

A<0:y1=a+ i, y2 = a—fFi, y = e**(CrcosPx + Casinfix)



Euler ODE (Second Order)

General Form at®y" (t) + bty/(t) + cy(t) =0

How to solve? Substitute y(t) = t.

A1, A2 real and distinct: y(t) = C’lti‘l - 02t§2

A1 = a+ Bi, Ay =a — Bi: y(t) = t*[Crcos(BInt) + Cysin(Bint)]
A= dg = Zb: y(t) = t}(Cy1 + Calnt)

2 n _ n—1
Higher Order? ant”i—g 4+ g B IZtT?% . 1 alt‘cii—? + agy = f(t)
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Higher order

Homogeneous: Wronskian, Method of characteristic polynomial

Non-homogeneous: Method of variation of parameters, Method of
coefficient comparison, Special form (Euler equation).



Wronskian

Consider two solutions y1(t) and ys(t) of the second-order linear

homogeneous ODE: ogic: W= X%/-%Y = g%)///v?’
v + a1(t)y + as(t)y =0 A0 R
: , W= 27+ A = X - AV X =N 0"
Wiy, 52 (8) = 9192 = g2} RAKE: VT POOYS QYoo y% - (pys o)
Then (?;_i)/ — yley%yL‘lQ — W[ylya%ﬂ](t) VV >/1L 'F)’L Q/)’D_J + %( P7\+ q/yJ = \,nyl +‘PY> v
%V_\}..l _PV\) <t =-PW

w(®) = n(O(C1 [ LBOD 1 o)
Comment: Important! You need to memorize the Wronskian for 2nd
order. However, for higher order, this get extremely complicated.
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Method of Characteristic Polynomial

Assumption: If there is a solution a + (37, there will be a solution

o — [i.

Solve: an‘ji:f{ 38, 127;” i SN a1 Z+apy =0

Consider the feature equation: a,y" + an_ly" L it aiy+ap=0
Situationl: Distinct roots: y(t) = CreMt + C’ge)‘2t + -+« 4 Cpernt
Complex: A = a + Bi — Ce*cos(ft), A = a — Bi — Ce*sin(St)
Situation2: Multiple roots:

y(t) = CreMt + (Cy + Cst + Cyt?)e??t +

Complex: A =a+ i — (C1 + Caot + Cgt2 )e%cos(ft),
A=a— Bi — (Cy + Cot + C3t? + )eatszn(ﬂt)
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Let the characteristic equations have the following roots:
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Method of variation of parameters

+ an(t)y = b(t) "HHEZA" BXHIRE-CSONIEE

General Form: y("™) + a(t)y™=1 + ...

Stepl: Find the solution to the homogeneous equation:
Y™ + a1y + -+ an(t)y = @
Step2: Set up an equation system:
f y101(t) +y5Co(t)
2
yVC1(t) + s )02<t> +

e ynC' (t)

0
0

APV @) + V) + -+ IO (R) = b(E)

Step3: Solve for C!(t) and integrate them.
The final solution is given by y = C1(t)y1 + Cao(t)y2 + - - -

+ Cpn(t)yn.
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Additional Exercises
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Method of Coefficient comparison

When to use? Variation of parameters get not trivial.
General Form: y™ +a(t)y™=D + ... 4+ a,(t)y = f(t)eM

Same steps when calculating the general solution y.. For particular
solution y,, you need to look up the following table.

f(t)e’\t yp(t)
f(t) thg(t)
F@)e™ Fg(t)c™

f(t)esinBt | tte?[g(t)sinBt + h(t)cos/t]
f(t)eYcosBt | tve?[g(t)sinSt + h(t)cos/t]

Where k stands for the number of multiple roots, g(t) and h(t) stands
for polynomials with the same order as f(t).

Last thing: v = y. + yp.



Q6 Use method of coefficient comparison to solve the following equation:
Y’ + 3y + 2y = 42€°® + 390sin(3z) + 82 — 2

\///-t_ ;\/ T”}’ =z 2 QSX‘\r 370 SINI3X) +@x '2,2'
\/t\d 5y‘\" 2.<=0 7)2 —| V2= ~)
Je= Ce”t (e
b2f¥ & Cy o
%%szn 390 &, <Tn3y + @@;\}x)
OFL &F oyt GrXt Qg
1L = B 515 0 IR
LS yowr ({77

y}’ & = 0



/Add‘&t\m{ CASe: SZS1E: N
(6)

)y oy sy g Y= 52y sy

= e TJV e, L\*JUT 6@+ @ét
ET3A L5 e 28 gy
Jh= &Cw e Cn ™) oy (et X7 £ Qe

’P= 2 Get Ceay ‘lTLLC'ﬁ%*CL@ JVJV@H@%*’ Cpdt Op et
MEENEE R

_ AR TR



From Starfield

Thank You!!!




