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Self Introduction

Contact me through email (shaox3@sjtu.edu.cn), feishu or VX is OK.

But please ask me questions before 10 pm on weekdays and 11 pm
on weekends. It’s time for me to play computer games.

Also, I’'m not responsible for grading homework so | hold regular RC
once a week and don’t ask me questions about homework. If some
of the exercises in the homework are interesting, | will select some.

For myself, | have been the TA of PHIL2650J, VP160 and STAT471. So
there is no need to worry about my RC quality. And if | say
something in Chinese sometimes, please don’t report it to UEO or
Pro. Cai. Indeed they cannot do anything to me.
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Introduction of this course

This course will talk about basic methods for solving ODEs which is namely
(Elementary Integration Methods), Existence and Uniqueness Theorem,
Higher Order ODEs, ODEs system, eigenvalue problem, Laplace and Fourier
Transform, Complex Analysis, Directional Derivative on Matrix functions....

This course is hard, hope you can survive it. (From TA Wang Boqian)

For myself, it is an applied course. All you need is just calculating and
remembering some traditional examples. There is no need to master all
contents. If you understand some parts completely and get full marks on
one kind of question, the grades will be nice. For my studying in VV256,
listening to the lecture is very useful and if you are lazy, searching basic

information and skills online is also OK.
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Tips

Sign up for the piazza.

Complete all the quiz sets on time, these can help you prepare

for upcoming exams.

Copying other’s assignments (from another group) is strictly
forbidden, and Prof.Cai will put much emphasis on that this
semester. The latex format...... | have no idea......

| still have no idea whether my RC should provide recordings

because reading my RC slides is enough. It’s concrete.
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Warm-up beginning (From VP160 RC2)

Solve Easy Differential Equation

(B3] —MEARUDEE v (FERES, AEBR N SHEER =R BRIEL | 50K B # R
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You may can solve such easy questions if you master the
skills in VP150 and VP160
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How to classify the ordinary differential equation?

What How
ODE & PDE Number of independent variables
Order Order of the differential equation
Linear & Nonlinear Linearity
Homogeneous & Non-homogeneous Homogeneousness
IVP & BVP Condition
dv
“=a0r T —kv? One variable: ODE
One order: First order
Linear :v

Homogeneous :V

IVP : ? (Initial Value problems and Boundary Value problems)

M[s
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Example:

ODE & PDE

ODE: Z_z = v, y//+y/+2y2 — %

PDE: Heat equation: u; = aug, (Will be covered later).
Order

First order: v/ = f(z,y) (Explicit form).

First order: F(z,y,y') = 0 (Implicit form).
Linear & Nonlinear

Nonlinear:): W.y+3=22 92+ % —

Linear: d—g + y = sin(wozx)(wo = const),

mn n—1
an(:l:)d I+ a1 (x )ZmT?’r’—I—...—I—al(m)%—l—ao(x)y:F(m).

Homogeneous & Non-homogeneous

Homogeneous: 3 = f(£).

Non-homogeneous: Cannot be represented in the above form.
IVP & BVP

Same equation, different conditions.

y// 4+ y/ +2y2 — e%.

IVP: y(0) = 1,4/(0) = 2. (We focus on IVP problems in VV256)

BVP: 5(0) =1L y/(1) = 2

Bl SY ZARTRERK



Simple case:

Exact Equation

Separate Equation

First Order Linear ODE
Homogeneous ODE

Bernoulli Equation & Riccati Equation

Method of Integrating Factors

Indeed, | almost never remember
these forms. If your calculating
ability is also strong, your can skip
it and just use what we learned in
VP150/VP160 to solve ODE
guestions. But if you are familiar
with these equations, you can
have better mathematical
intuition to find the best way to
solve it or make some perfect
changes of variable.
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Quick Review

Chain Rule

method of changing variables
fractional substitution (9T {{&)

And so on

method of elimination

structured approach (informal saying)
closed to “EiiE” , “f3i&" in Chinese
Guess !!! (similarity)

method of undetermined coefficients

E® LIYE



Exact Equation:

Expression: P(z,y) + Q(z,y)y =0 — P(z,y)dx + Q(x,y)dy = 0,
= Quz(,y).
Stepl: Check whether the equation is exact.

Step2: Find a function F'(z,y) such that its partial derivative with

where Py (z,y)

respect to  and y are P and ().

Step3: F(x,y)

= (' is the general solution.

Logic,- SUppe We have
Fyy=c dfp o, o) [=0
Fx t Fy 3)( a7 >0
dexTFy dy=0 Fy = P y)
F}”@,kx'y)

2 We 4Rt +he Qf 4Ny Form
POUY) + (Q\X'y)a_m

Like: 2Xy- Y%+ 2y+p d.,v
4
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Q1:
(ye® + 2€* + y?)dx + (e* + 2zy)dy = 0

Solution:

P(z,y) = (ye® +2¢" + ¢*), Q(a,y) = € + 2zy
Py = Q: = €” + 2y, so this equation is exact.
F(x,y) = ey + xy® + 2¢* = C, which is the general solution.

Easy ?
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What if the former equation changes a little ?

Solve ke)dfs 2_3".* y Jdx

*L% +2%) dy=0

?/“ 26’“67{)-%[ (QX-§Q\(+1

How to recover this question
to the former form?

In Chinese, “Bt/Z="
Also we use Integrating
Factor to do so

That’s why we need to have
mathematical intuition

First rule of thumb:
Don’t leave algebraic fraction most time.
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Q1-additional exercise
(3z2%y + 8xy?)dx + (x> + 8z°y + 12y%)dy = 0,y(2) =1

P(z,y) = 322y + 8zy°, Q(z,y) = x> + 8z%y + 12y

P, = Q. = 3z + 16zy, so this equation is exact.

F(z,y) = 23y + 42°y? + 4y® = C, which is the general solution.
Plug in y(2) =1 — C = 28.

Final solution: F(z,y) = x’y + 42°y* + 4y° = 28.
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Q1: useful table Back to former questions:

2dx + 2xydy) + (ye®dz + e*dy) + 2e*dx = 0
Y Y ( y) v dx + 2xydy = d(xy?)

dr—xd x
Y PP 4 = d( 5) ye®dx + e dy = d(ye”)
2e*dx = d(2€%)

ver—20y = d(in|2|) To sum up, d(@y? + ye? +2¢7) = 0 —» zy® + ye” +2¢" = C
yfgjr-;gly = d(arctan?)

B — 2dln| =)

Hethiy — 1g(in(a? + 2))
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Separate Equation:

Expression: % = f(z)g(y)

Stepl: Discuss the condition of g(yy) = 0 and find the equilibrium
solution.

Step2: When g(yg) # O,% = f(z)dx

Step3: Integrate two sides.

Fundamental thought:
variables separation

1 o s =,
NETE
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@l‘- 8 = %™y wheve M. N%o

ax
Solubion: Check Gui librium soluslyn
)’30 -.mlT)Tntl
; )
pien yss 4y gy A
@ % 5!‘»?-1
M= ~| N>\ Ipy= Inxtc N>
@ <
| [)2‘:[ __F:h y“m': Iny+C

@ M3~ n= I,nyu W#; Xm+ltC

@ Jh'f\-( NI Nt
T Y™ = ,,]%’Xm'-t-g
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/me dy
AX -+
e e

ydm—l-(l—l—y )sinx = 0,y(0) =1
Jﬂd%‘fi Tnix+te

d .
L — _sing J\itn()/f%\)*»cw COS
Integrate both sides: % = — [ sinzdx n Ly %1J T (2 2 LWy
General Solution: y(z) = i(Ce_48m 2 — 1) C#0
Pluginy(0)=1—C =2 Y‘F* @/LCU%MC’

Final solution: y(z) = (2¢~%""% — 1)%

Additional Exercises:

m ©)
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First Order ODE:

Expression: ' + p(t)y = q(t)
Solution (Without initial condition): y(t) = L) [ p(t)q(t)dt + C),
where p(t) = e/ Pt

Solution (With initial condition)'
y(t) = u(t) ft )dT’i‘N(tO)y(tO))

Bl DR ARRIEER - /NEREEL (wuli.wiki)

If you want to see the proof, you can refer to this
website or ask your VP160 classmates to show you
the Lecture notes week 7 to see the whole proof
though Prof. Qu’s handwriting is dirty about this part.
But it is clear and concrete.
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G} ‘J)‘y T 7)]6__71' xSt

Y+ PRYR iy PIXI= % 9~ Xt

(A= { PoodX 5 v d
M !e e {zax _ o I
Y Sy, I Gy dye
~ ) :
o L Ry ]
{ Xstnx dx = —j K diwex))= ARG
:-[ XX~ { s dw\] R TS L BT
dx
= —%twgy +2 [ Xstnx TCUXXJ LAy
@ GueSb J-x’%"\,x d.x
2 d | AxXwxi— A Okt
AX (Y — T
Rt 5 % B amsLLasa

oy S

The calculating process of the form like :

j xsinx or j x™M cosx

is very important when we study Fourier
Series but now we just have a quick look

©)
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Additional Exercises:

N} (UL

p(m) = — 81N, Q(ZE) = 'u(x) — efP(-'L')d-’B — COST
ylz)=1Ce

y(0) =35 — C = 3e

Final solution: y(z) = Sel~cos”

Z= JOINT INSTITUTE
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Homogeneous ODE:

. d
Expression: % = f(z,y)
Stepl: Introduce a new variable u = 2

Step2: Substitute dy with dg. g—z — pdu S

Step3: Solve the Separable Equation: :Eﬁ“ = f(1,u) — u.

JOINT INSTITUTE
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Q4.
25—% = 2% + 2y +9°

Transfer to the standard form of Homogeneous ODE:

d

%=1+ (E)+ (}i)2

letu=12 —):)3 L =1+4u?

dx

Final solution: arctan? = In|z| + c.
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Additional Exercises:

dy _ zty+l  ~ %
dzx r—y+2 ax = 9, du

|~ s ), W T W
A
Set the numerator and denominator to 0 respectively: a+ 5+ 1=0, Ao ol LU= U
a—B+2=0—a=-38=1 a6 T
Letgy=9y 0, =2 —a— %Z = g%g (Similar to 4.2 now!) Ky IU PUUTWS - S
ESRE
Letu:gﬁﬁg—du:%. -

| - U !
u _ 2 — , T lad
Integrate both sides: arctanu — Inv1 + u? = In|¢| + C'l H_%\,CMA "N ()Qd

Plug in z, y2p[(z + 2)? + (y — 3)?] £ C +arctan(=%).
p) =

JOINT INSTITUTE
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Bernoulli Equation & Riccati Equation

Bernoulli Equation dy
Expression: 4/ + p(t)y = g(t)y" (n # 1) i Tk AE SN2 o
1
Step: Set y =wT—7 — w' + (1 —n)p(t)w = (1 — n)q(t) _L 5
Riccati Equation b ),n—l P\ = it
Expression: y' = qo(t) + q1(t)y + g2()y” Let = iE
Stepl: Find a particular solution ¥ m y R AE 4
Step2: Set y = y1 + % W's (= DJ/’D }// = .
Step3: The equation can be reduced to T N Y
W'+ (1 + 2g2y1)w = —g> Fn T PRw= qu
Hint: After calculating w, don't forget to calculate y! W' () PVB W= () Yty

Seem strange but it is reasonable
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Rlctost = Y% PAYST Gowy + ringse
CRe FIREE o PN+ Qg 4=
VAR S e S RN Y=o YREU
W (2P0 Yoot 4% )y POV W S Ry,

0T
W= A VT \/\./T«%C = <~ LD&IL



Q5: v +y=2xy* (Midl, 2022FA)

Here n =2, set y = w1, p(z) = 1,q(z) =2z

w' — w = —2z, which is a linear ODE.

According to case 3, m(z) = —1,n(x) =

Dy az) = ="

w(z)=e*([—2zx-e*de+C)=22+2+C-€"
U= 2m+2_1m.ex or y = 0 (Equilibrium solution).

Without the solution given before,
this question should be solved by
direct calculating and substituting. It
is the method of changing variable

=

dy
——+ Y= X y
Port you have
}%;1-/ \/ an \m})uis:um
Let W‘ y~ -~ dw dy _L S
x = -
y e L, d S ay dax Y4

\W ) Wt wrax = ~ W+t W= 2
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y = (2® + 1) — 22y + y?, which is a typical-ferm of Riccati Equation.

Here qo(t) = 2% + 1, q1(t) = —2z, g2(x) = 1 repectively.
w' + (—=2x + 1)w = —1, which is a linear ODE.

According to case 3,
m(z) = -2z + 1,n(z) = —1, u(z) = o (—2z+1)dz _ e_$2+>6

WW) Jﬁ\ﬁ) [ JL)/\W\)CU;()()XJ( C) - %X XU e/x\x = Ix « (:/) 7§<
e - @Tﬁferfa ) > X
CJ RMM)TS% %u&”ﬂ\m Mle
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Direid  Solvidion -

Y= e
>/‘><':t )(>X$t g%\
H' d‘i‘t —+ L L_ C\/ C/_L
dX =ty T P
Y

YW= -+

SR

ax
d7= clx

7= )QJ,? e



Y it :‘b}k 2Y (it~ Yt
j <
K583 7 (F)=+

eI ReiP)R

Qo= B*
o + T s
Ez+ LC—\)i\]Wz l BT & By
W=+ 1
\w it
i~ b _ dw afdiail Fo ina
w -9 —Tnlw i
Frte




Exact equation Continue —— Integrating Factor

Objective: Transforming non-exact equations to exact equations.
OP 0Q __, owP) _ 9(pQ)
oy ox oy T

ox
oP _ 0Q
Situationl: u is only related to z, that is QQL""” = ¢(x), whose
integrating factor is u = e/ ¢(@)dz.
P _ 9Q
Situation2: 1 is only related to y, that is “—="- = ¢(y), whose

integrating factor is u = el ¢y,

JOINT INSTITUTE
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Q7

(3z° + y)dz + (2z%y — z)dy = 0

First, check P, =1, Q) = 4xy — 1, so this is not an exact equation.

E%fo — —%, which is only related to x.

- de _ [—2dz __ 1
So pu = el ¢@) z — ol 3 T =5
Multiply two sides by ;1; — 3zdx 4+ 2ydy 1 Qda:—rfdu =0
Grouping: d(32% +y?> — £) =0

So the general solution is given by %:L'2 + 92 — = =,
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Additional Exercises

Sometimes the integrating factor can be identified directly.

T— e e

&y _ —

ax =" Tt E  adwydy = iy
2 ARy D=3 dn

easy - M= " dae

IRy
1T PR

dX

Fyv= YtC -

Mle
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Extension Part: implicit ODE of first order (may not be tested)

See another file
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From A Plague Tale: Innocence




